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In this paper, we study the suppression of adiabatic decoherence in a three-level atom with Λ
configuration using bang-bang control technique. We have given the decoupling bang-bang opera-
tion group, and programmed a sequence of periodic radio frequency twinborn pulses to realize the
control process. Moreover, we have studied the process with non-ideal situation and established the
condition for efficient suppression of adiabatic decoherence.
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I. INTRODUCTION
In recent years, there have been increased interests in
the study of three-level quantum systems, for example
in quantum cryptography [1], quantum communication
[2], logic qubit encoding[3], entanglement measures [4,
5, 6], quantum control [7, 8, 9], quantum computation
[10]. In these areas, people are always confronted with
the obstacle of decoherence, by which the superposition
of the quantum states is destructed during the system
evolution. Preserving coherence is essential in quantum
information processing, hence solutions must be sought
to dynamically suppress the decoherence effects.
Up to date, several classes of schemes of decoher-
ence control have been proposed, for example, error-
correcting, error-avoiding codes and dynamic decoupling
technique. The error-correcting codes [11, 12, 13, 14, 15,
16, 17] use conditional feedback control to compensate
the loss of information due to decoherence or dissipation.
Error-avoiding codes [18, 19, 20] decouples the interac-
tion between the quantum system and the environment
exploiting the symmetry properties of the system and the
interaction.
Dynamical decoupling methods have been developed
to control decoherence[21, 22, 23, 24, 25, 26] for decades.
Haeberlen and Waugh pioneered the work of coherent av-
eraging effects[27] using tailored pulse sequence. It has
been developed into a solid decoupling and refocusing
technique in nuclear magnetic resonance (NMR) [23, 29].
Motivated by these ideas, a ”bang-bang” control theory
[21, 22] has been proposed to dynamically suppress the
decoherence by repetitively imposing a sequence of radio-
frequency pulses on a single qubit. This active dynamical
control in the bang-bang limit proves a nice tool for engi-
neering the evolution of coupled quantum subsystems. In
this paper, we will apply the bang-bang control technique
to suppress the decoherence induced by pure dephasing
in a three-level atom with Λ configuration.
II. PROBLEM FORMULATION
The system we consider is a three-level atom with Λ
configuration under two resonant laser fields fields with
frequencies
ω20 =
E2 − E0
h¯
, ω21 =
E2 − E1
h¯
,
respectively, as shown in Fig.1. Let |0〉, |1〉 and |2〉 be the
eigenstates of the unperturbed part of the hamiltonian
H0 of atom, and the corresponding eigenvalues are E0,
E1 and E2 respectively and we assume E0 < E1 < E2.
The two lower levels |0〉 and |1〉 are coupled to a single
upper level |2〉 in the Λ type.
The total hamiltonian of the three-level atom can be
expressed as H = H0 +HR.F., where
H0 = E0|0〉〈0|+ E1|1〉〈1|+ E2|2〉〈2| (1)
is the free hamiltonian and
HR.F. = −(g20|2〉〈0|+ g
∗
02|0〉〈2|)E1 cosω20t− (g21|2〉〈1|+ g
∗
12|1〉〈2|)E2 cosω21t (2)
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FIG. 1: Three-level atom in the Λ configuration shooting with
two fields of frequencies ω20 and ω21
represents the interaction of the atom with the radiation
fields.
Here we assume that the electric fields are linearly
polarized along the x-axis; gij = g
∗
ji = e〈i|x|j〉 (i, j =
0, 1, 2) is the matrix element of the electric moment; Ei
represents the amplitude of the electric field.
Before carrying out the calculation, we define some
notation
σ(2,1)z ≡ |2〉〈2| − |1〉〈1|, (3)
σ(2,1)x ≡ |2〉〈1|+ |1〉〈2|, (4)
σ(2,1)y ≡ i(|2〉〈1| − |1〉〈2|), (5)
σ
(2,1)
+ ≡ |2〉〈1|, (6)
σ
(2,1)
− ≡ |1〉〈2|. (7)
The operators σ
(2,0)
x , σ
(1,0)
x , σ
(1,0)
y , σ
(2,0)
y , σ
(2,0)
z and
σ
(1,0)
z can be defined similarly. With these notations, the
hamiltonian can be rewritten as
H0 =
h¯ω10
3
σ(1,0)z +
h¯ω20
3
σ(2,0)z +
h¯ω21
3
σ(2,1)z +
E0 + E1 + E2
3
.
(8)
where
ω10 =
E1 − E0
h¯
, ω20 =
E2 − E0
h¯
, ω21 =
E2 − E1
h¯
.
Usually, the constant energy (E0+E1+E2)/3 is ignored.
For simplicity, we assume g12(= g
∗
21) and g10(= g
∗
01)
are real numbers. Then
HR.F. = −g21 cosω21tσ
(2,1)
x − g20 cosω20tσ
(2,0)
x (9)
≡ u1(t)σ
(2,0)
x + u2(t)σ
(2,1)
x . (10)
Including the decoherence of the system due to the cou-
pling to a thermal reservoir, the total hamiltonian is
H = H0 ⊗ IE + IS ⊗HE +HSE +HR.F., (11)
whereH0 andHR.F. are the hamiltonians described in (8)
and (10). HE and HI describe the internal hamiltonian
of the environment and its coupling hamiltonian to the
three-level system.
The heat bath is modelled as a large number of uncou-
pled bosonic modes, namely a reservoir of simple har-
monic oscillators with ground state energy shifted to
zero[23, 24, 25, 26, 27],
HE =
∑
k
h¯ωka
†
kak. (12)
The interaction hamiltonian is expressed as
HSE = h¯
∑
k1
σ(2,0)z (gk1a
†
k1+g
∗
k1ak1)+h¯
∑
k2
σ(2,1)z (gk2a
†
k2+g
∗
k2ak2).
(13)
where gk1 and gk2 are the coupling constants correspond-
ing to the virtual exchanges of excitations with the bath
|2〉 ↔ |0〉 and |2〉 ↔ |1〉 transitions respectively.
Usually, we assume that the initial state of the total
system is disentangled, i.e.
ρtotal(0) = ρS(0)⊗ ρE(0),
and the thermal reservoir ρE(0) is in thermal equilibrium
state that can be factorized into the tensor product of the
density operators of each mode
ρE =
∏
k
θk (14)
where
Zk = [1− exp(−
h¯ωk
kBT
)]
θk = Z
−1
k exp(−
h¯ωka
†
kak
kBT
)
where kB is the Boltzmann constant and T is the tem-
perature of the bath.
3III. DYNAMICAL SUPPRESSION OF
DECOHERENCE IN A THREE-LEVEL ATOM IN
THE IDEAL LIMITS
Firstly, we sketch the main ideas of the dynamical de-
coupling theory[29, 30, 31]. A bang-bang operation is a
unitary operation that can be performed instantaneously,
namely corresponding hamiltonian can be turned on
for negligible amounts of time τ with arbitrarily large
strength. Let GB.B. be the group consists of the imple-
mentable bang-bang operations. The decoupling group
G is defined as a finite group of bang-bang decoupling
operations, G = {gk} ⊆ GB.B., where k belongs to some
finite index set K. Then a decoupling-controller on H
is defined as the interactions of the system, including a
sequence of bang-bang operations and free evolution.
Assume the cyclic time is Tc. Similar to the average
hamiltonian theory[26, 28], we consider a given evolution
between the interval (t−t0) = NTc ≡ N |G|∆t in the pres-
ence of decoupling-controller characterized by a sequence
of bang-bang operators {gk}, (k = 0, ..., |G|−1). In a sin-
gle cycle time Tc, U(Tc) =
|G|−1∏
k=0
g+k U0(∆t)gk ≡ e
−iHeffTc .
In the ideal limit of Tc → 0 and N → ∞, the effective
hamiltonian H approaches
Heff =
1
|G|
|G|−1∑
k=0
g+k Hgk = ΠG(H),
where ΠG(H) can be looked upon as a projector for op-
erator H with the following properties[30]:
1. projecting H into the centralizer Z(G): Z(G) =
{X ∈ End(HspaceS )|[X, gk] = 0, ∀k};
2. linearity:
∏
G(H) = ΠG(HS ⊗ IE) +ΠG(IS ⊗HE) +
ΠG(HSE).
From the first property, the effective hamiltonian has a
direct symmetry characterization [Heff ,G] = 0, and this
implies the composite system with decoherence is sym-
metrized by the group G, i.e. all the components of the
dynamics generated by H, which are not invariant under
the group G, can be filtered out from the system’s dy-
namics. When ΠG(HSE) = 0, one can find from the sec-
ond property that the decoherence dynamics induced by
the interaction between the system and its environment
has been averaged out. Therefore, we can make use of
this novel property to design bang-bang control schemes
with the dynamical decoupling group G to suppress the
decoherence.
Applying the above ideas to the three-level atom with
Λ configuration with a dephasing interactions character-
ized by Eq. (13), we have found by trials and errors one
decoupling group G = {I, h1, h2}, where
I =

 1 0 00 1 0
0 0 1

 , h1 =

 0 0 i−1 0 0
0 i 0

 , h2 =

 0 −1 00 0 −i
−i 0 0

 ,
(15)
and they satisfy the following symmetrization equations
1
3
(σ(2,0)z + h
†
1σ
(2,0)
z h1 + h
†
2σ
(2,0)
z h2) = 0, (16)
and
1
3
(σ(2,1)z + h
†
1σ
(2,1)
z h1 + h
†
2σ
(2,1)
z h2) = 0. (17)
It is very interesting to note that these bang-bang op-
erations can be decomposed into
h1 =

 1 0 00 0 i
0 i 0



 0 0 i0 1 0
i 0 0

 = exp(ipi
2
σ(2,1)x ) exp(i
pi
2
σ(2,0)x ), (18)
and
h2 =

 0 0 −i0 1 0
−i 0 0



 1 0 00 0 −i
0 −i 0

 = exp(−ipi
2
σ(2,0)x ) exp(−i
pi
2
σ(2,1)x ). (19)
From these expressions, it is immediate to design a physi- cal realization for these operations using two R.F. pulses
4as given in Eq. (10) with appropriate frequencies that
interact with state transitions |2〉 ↔ |0〉 and |2〉 ↔ |1〉 re-
spectively. For example, h1 can be realized by two twin-
born pulses, i.e. applying a pi-pulse with frequency ω20
at first and followed by another pi-pulse with frequency
ω21. h2 is realized similarly.
With the above results, we can design a procedure to
effectively suppress the adiabatic decoherence with a se-
quence of periodic twinborn pulses. In an elementary
cycle, the twinborn-pulse sequence is {h1, h
†
1, h2, h
†
2}, as
shown in Fig. 2.
 
 
t 
FIG. 2: A sequence of twinborn pulse operating in a cycle on
the three-level atom. The solid line represents the pulses with
frequency of ω21, and the hollow line represents the pulses
with frequency of ω20; pi pulses are on the upside and −pi
pulses are on the downside
In the first half of a cycle, system evolves under H =
H0+HE+HI during t0 ≤ t ≤ t
(1)
P ≡ t0+∆t; at time t
(1)
P
twinborn-pulse h1 is applied; after 2τP units of time, the
pulse is switched off; then the system is governed by H
during t
(1)
P + 2τP ≤ t ≤ t
(2)
P ≡ t0 + 2∆t, where τP is the
pulse width of each sub-pulse of the twinborn-pulse. In
the second half of the cycle, the twinborn-pulses h†1 and
h2 is applied and at time t
(2)
P and t
(2)
P +2τP respectively;
after another 2τP units of time, the pulse is switched
off and the system evolves freely under H during t
(2)
P +
4τP ≤ t ≤ t
(3)
P ≡ t0 + 3∆t. At time t
(3)
P the twinborn-
pulses of h†2 begin. These complete a cycle. By repeating
such sequence of elementary cycles, one can suppress the
adiabatic decoherence completely in the ideal limits of
Tc → 0 and N →∞.
IV. DYNAMICAL SUPPRESSION OF
DECOHERENCE IN A THREE-LEVEL ATOM
WITH NONIDEAL CONDITIONS
In last section, it is shown that the decoherence can
be completely removed in the ideal limits of Tc → 0 and
N → ∞. However, the ideal limits that Tc → 0 and
N → ∞ cannot be exactly fulfilled in reality. In this
section, we will give a quantitative analysis of effect of
finite width and finite-amplitude pulses on the decoher-
ence suppression.
The problem can be reformulated in the interaction
picture. Let H0 = H0 + HE , then under the standard
state transformation exp(−iH0t), the interaction HSE
reads
H˜SE = h¯
∑
k1
σ(2,0)z (gk1a
†
k1e
iωk1t + g∗k1ak1e
−iωk1t)
+h¯
∑
k2
σ(2,1)z (gk2a
†
k2e
iωk2t + g∗k2ak2e
−iωk2t), (20)
and the free unitary evolution of the composite system is
U˜(t0, t) = exp
σ
(2,0)
z
2
∑
k1
[a†
k1e
iωk1t0ξk1(t−t0)−h.c.]
× exp
σ
(2,1)
z
2
∑
k2
[a†
k2
eiωk2t0ξk2(t−t0)−h.c.]
(21)
where
ξk1(∆t) =
2gk1
ωk1
(1− eiωk1∆t)
ξk2(∆t) =
2gk2
ωk2
(1− eiωk2∆t).
During an elementary cycle between time t0 and t1 =
t0 + 3∆t+ 2τp, the state propagator can be written as
U˜P (t0, t1) = U˜P4U˜(t
(2)
P + 4τP , t
(3)
P )U˜P3U˜P2U˜(t
(1)
P + 2τP , t
(2)
P )U˜P1U˜(t
(1)
0 , t
(1)
P ), (22)
where
U˜P1 = e
iH0(t
(1)
P
+τP )ei
pi
2 σ
(2,1)
x e−iH
0(t
(1)
P
+τP )
×eiH
0(t
(1)
P ei
pi
2 σ
(2,0)
x e−iH
0(t
(1)
P
)
≈ eiH
0(t
(1)
P
)h1e
−iH0(t
(1)
P
) (23)
and likewise,
U˜P2 ≈ e
iH0(t
(2)
P
)h†1e
−iH0(t
(2)
P
)
U˜P3 ≈ e
iH0(t
(2)
P
)h2e
−iH0(t
(2)
P
)
U˜P4 ≈ e
iH0(t
(3)
P
)h†2e
−iH0(t
(3)
P
). (24)
5Substituting Eqs.(18,19) into Eq.(24), we obtain
U˜(t0, t) = e
σ
(2,0)
z
2
∑
k1
[a†
k1e
iωk1t0ξk1(∆t)−h.c.]
×e
h†1
σ
(2,0)
z
2 h1
∑
k1
[a†
k1e
iωk1t0eiωk1∆tξk1(∆t)−h.c.]
×e
h†2
σ
(2,0)
z
2 h2
∑
k1
[a†
k1e
iωk1t0eiωk12∆tξk1(∆t)−h.c.]
×e
σ
(2,1)
z
2
∑
k2
[a†
k2e
iωk2t0ξk2(t−t0)−h.c.]
×e
h†1
σ
(2,1)
z
2 h1
∑
k2
[a†
k2e
iωk2t0eiωk2∆tξk2(∆t)−h.c.]
×e
h†2
σ
(2,1)
z
2 h2
∑
k2
[a†
k2e
iωk2t0eiωk22∆tξk1(∆t)−h.c.]
×eiH0(t1−t0). (25)
Imposing the above pulse sequences repeatedly, we
then get the general expression of the evolution under
N bang-bang control cycles
U˜
(N)
P (t0, .., tN ) = U˜P (tN−1, tN )...U˜P (t1, t2)U˜P (t0, t1),
where tn = t0 + 3n∆t(n = 1, .., N) is the ending time of
the n-th bang-bang control cycle.
With Eq.(25) and more careful calculations, we arrive
at
U˜
(N)
P = e
σ
(2,0)
z
2
∑
k1
[a†
k1e
iωk1t0f(n,N,ωk1,∆t)ξk1(∆t)−h.c.]
×e
−
σ
(2,1)
z
2
∑
k1
[a†
k1e
iωk1t0f(n,N,ωk1,∆t)ξk1(∆t)e
iωk1∆t−h.c.]
×e
−
σ
(1,0)
z
2
∑
k1
[a†
k1
eiωk1t0f(n,N,ωk1,∆t)ξk1(∆t)e
iωk12∆t−h.c.]
×e
σ
(2,1)
z
2
∑
k2
[a†
k2e
iωk2t0f(n,N,ωk2,∆t)ξk2(∆t)−h.c.]
×e
σ
(1,0)
z
2
∑
k2
[a†
k2e
iωk2t0f(n,N,ωk2,∆t)ξk2(∆t)e
iωk2∆t−h.c.]
×e
−
σ
(2,0)
z
2
∑
k2
[a†
k2e
iωk2t0f(n,N,ωk2,∆t)ξk2(∆t)e
iωk22∆t−h.c.]
×eiNH03∆t, (26)
where f(n,N, ω,∆t) =
N∑
n=1
e3i(n−1)ω∆t.
Now we can give a quantitative estimation of the de-
coherence rate according to the time dependence of non-
diagonal matrix elements of the reduced density matrix
of the three-level atom. For example, the coherence be-
tween the level |0〉 and |2〉 is represented by
ρ˜S02(t) = TrE{〈0|U˜
(N)
P ρ˜
S(0)⊗ ρ˜E(0)U˜
(N)†
P |2〉}
= ρ˜S02(0)TrE
[
ρ˜E(0) exp{
∑
k1
a†k1e
iωk1t0ηk1(∆t) +
∑
k2
a†k2e
iωk2t0ηk2(∆t)− h.c}
]
exp{−i3Nω20∆t}
= ρ˜S02(0) exp{−i3Nω20∆t− Γ(k1,∆t)− Γ(k2,∆t)},
where
Γ(k1,∆t) ≡
∑
k1
|ηk1(∆t)|
2
2
coth(
ωk1
2T
),
Γ(k2,∆t) ≡
∑
k2
|ηk2(∆t)|
2
2
coth(
ωk2
2T
),
and
ηk1(∆t) = −
1
2
f(n,N, ωk1,∆t)ξk1(∆t)(2−e
iωk1∆t−eiωk12∆t),
and
ηk2(∆t) = −
1
2
f(n,N, ωk2,∆t)ξk2(∆t)(1+e
iωk1∆t−2eiωk12∆t).
On the other hand, the density matrix without the
bang-bang control is
ρ˜SW02 (t) = ρ˜
S
02(0)e
e−i3Nω20∆t−Γ
′
(k1,∆t)−Γ
′
(k2,∆t), (27)
where
Γ
′
(k1,∆t) ≡
∑
k1
|ξk1(N,∆t)|
2
2
coth(
ωk1
2T
)
ξk1(N,∆t) = f(n,N, ωk1,∆t)ξk1(∆t),
and
Γ
′
(k2,∆t) ≡
∑
k2
|ξk2(N,∆t)|
2
2
coth(
ωk2
2T
)
ξk2(N,∆t) = f(n,N, ωk2,∆t)ξk2(∆t).
Physically, there exists a finite cutoff frequency of the
environment ωc[26, 31]. For a single mode of frequency
ωk, the time needed to produce appreciable dephasing
is τk = ω
−1
k , so τc ∼ ω
−1
c sets the shortest time scale
(or memory time) of the environment. When ωk∆t ∈
[0, arccos(34 )], we get that Γ(k,∆t) ≤ Γ
′
(k,∆t), which
means in the quiet regime ∆t ≤ τc arccos(
3
4 ) the pulses
will effectively suppress the decoherence.
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FIG. 3: Decoherence factor exp(−Γ2) in the presence of peri-
odical pulses at low-temperature, ωc
T
= 100. Here α = 0.25.
For a fixed time, each point corresponds to a number of cy-
cles, N = 1, .., Nmax. The maximum number of bang-bang
control cycles is Nmax = 30 for ωct = 10.
In addition, Γ(k,∆t) depends monotonously on the cy-
cle time ∆t. In the ideal limit of ∆t → 0(N → ∞), the
decoherence is completely suppressed as a result of sym-
metrization. To show this, we numerically simulate one
of the dephasing factors, Γ(k2,∆t). In the continuum
limit of the bath mode, we can see
Γ2 ≡ Γ(k2,∆t) =
+∞∫
0
dωI(ω)×
|ηk2(∆t)|
2
2
coth
ω
2T
,
(28)
where I(ω) = α4ω
ne−ω/ωc , and α measures the strength
of the system-bath interaction and the index n classi-
fies different environmental behaviors. For instance, the
Ohmic environment corresponds to n = 1. From Fig. 3,
we can see that the bigger the N(or smaller the ∆t), the
more effective the bang-bang operation in suppressing
the dephasing decoherence.
V. SUMMARY
In this paper, we have studied the suppression of adi-
abatic decoherence of the three-level atom with Λ con-
figuration using bang-bang control technique. The de-
coupling bang-bang operation group is found, and the
sequence of periodic R.F. twinborn pulses is developed
for the realization of the control strategy. Moreover, we
give a quantitative estimation of the decoherence sup-
pression in non-ideal limits. We also give the condition
of effectively suppressing this decoherence.
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